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The paper presents a numerical solution of a system of nonlinear equations for the electron
distribution functions in the upper and lower subbands between which lasing transitions occur and
the number of nonequilibrium optical phonons in semiconducting cascade lasers based on
quantum wells and wires. For the case of quantum wells, we propose an analytical solution of this
system of equations, which is a generalization of the previously found solution@V. F. Elesin
and Yu. V. Kopaev, Zh. E´ksp. Teor. Fiz.108, 2186~1995! @JETP81, 1192~1995!#; V. F. Elesin
and Yu. V. Kopaev, Sol. St. Commun.96, 897 ~1995!# in a wider range of injection rates.
The threshold injection rate can be significantly reduced owing to reabsorption and accumulation
of nonequilibrium optical phonons, nonparabolicity of the subbands and different effective
masses of electrons in different subbands. In the case of quantum wires, the threshold injection rate
is considerably lower, and its decrease is even larger than in quantum wells. It is remarkable
that, owing to the lower electron–electron relaxation rate in the one-dimensional case,
the decrease in the threshold injection rate may be two or three orders of magnitude. The relation
between the density of states and threshold current has also been studied. ©1997
American Institute of Physics.@S1063-7761~97!02102-1#
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A new type of semiconductor laser~quantum cascade
laser! proposed in the original publications by Kazarinov a
Suris1 has been implemented quite recently.2,3 The interest in
quantum cascade lasers based on electronic transitions
tween subbands in the conductance band is stimulated b
possibility of tuning them over a wavelength interval exten
ing from the near to far infrared.

Since transitions between subbands due to emissio
optical phonons are allowed, quantum cascade lasers
characterized by high threshold currents and highly none
librium states of their electron systems. Specifically,
electron lifetime in the upper subband, equal to the time
optical phonon emission (t0), is short~t0'10212–10213 s!
compared to the electron lifetime~t r'10210 s! in conven-
tional semiconductor lasers based on transitions between
conduction and valence bands. As a result, it is difficult
create population inversion in the system and, since the e
tron system is far from equilibrium, a kinetic approach
indispensable in modeling the electron energy relaxation
such lasers.

In the first experiments with quantum cascade laser2,3

the parameters of a semiconducting heterostructure were
lected so that the electron transit time from the lower s
band,t t , should be shorter thant0 in order to create the
population inversion. This condition is inevitable if the las
is treated as a two-level system and band nonparabolici
ignored.2,4 With due account of the nonparabolicity, how
ever, the situation is radically different.5,6 In this case, radia-
tive transitions occur in a fairly narrow energy range,
there is no need to satisfy the strict conditiont0@t t . As a
result, full inversion of the subband populations is not n
essary. This conclusion was confirmed by experime
shortly afterward.7
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fect is the considerable drop in the threshold current due
an increase int t(t0!t t), and accumulation and reabsorptio
of optical phonons.5,6 In fact, these effects lead to a longe
effective lifetime of electrons in the upper subband, henc
lower injection rate is needed to create conditions for
population inversion.

The calculations5,6 for the case of quantum wells wer
based on an exact analytic solution of the system of kin
equations for the electron distribution functions in the su
bands and the number of phonons. The injection rateQ was
assumed to be low in this case~Qt0!1, linear approxima-
tion!.

The aim of the present study was to find a solution of
system of kinetic equations for the electron distribution fun
tions and threshold injection rates~hence the threshold cur
rents! over a wide range of parameters of the kinetic mo
of the quantum cascade laser. We have studied both the
dimensional model of a quantum-well laser and the o
dimensional model of a quantum-wire laser. The latter c
is especially interesting in that it offers a way to substantia
reduce the threshold current~our study has confirmed th
feasibility of this effect!. This reduction is due to singulari
ties in the electron density of state in a one-dimensional s
tem and a drastically lower electron–electron relaxation ra
Let us recall that, in the one-dimensional configuration o
single-band model, electron–electron scattering does
lead to energy relaxation8 ~this follows from energy and mo
mentum conservation!. An important point is that for
t0!t t the threshold current is controlled by electron
electron relaxation.5,6

The paper is organized as follows. Section 2 descri
the model and gives basic solutions. Section 3 present
exact analytical solution of the system of kinetic equatio
for electrons and phonons in the quasilinear approximat

375-08$10.00 © 1997 American Institute of Physics



an
en
ua

r-
m
rg

a

e
tu

a

ie
ies
d

at

cy
s

s

nondiagonal components of the density matrix~it is assumed

c
,

ce
e,

is
ing

ges

nifi-
its

c-

re

uc-
re-

r-

n
of
l

sin
to

f

lin
s a
which applies to a wide range ofQ. Numerical solutions of
the initial equation system in the case of quantum wells
their detailed analysis are given in Sec. 4. Section 5 pres
a numerical solution of the system of nonlinear kinetic eq
tions for the case of quantum wires.

2. BASIC EQUATIONS AND STATEMENT OF THE PROBLEM

As in the previous studies,5,6 let us consider the follow-
ing model~Fig. 1!. Let there be two subbands with dispe
sions«1(p) and «2(p), such that transitions between the
are accompanied by emission of phonons with the ene
\V ~hereafter\5c51, wherec is the speed of light in
vacuum!. Electrons are injected into the subband 2 at a r
Q and drain from the subband 1 with a probabilityt t

21. The
optimal conditions for operation of quantum cascade las
are achieved by selecting the parameters of the quan
wells and barriers of the structure.2–4

In the present model, the main scatterers of electrons
optical phonons~the typical energy isv0'0.034 eV7!. At
p50 the difference between the subband energ
v5«2(0)2«1(0) is approximately several phonon energ
v0 . The parameterm (m!v0) is the spread of the injecte
electron energy.

Our main task is to determine the threshold injection r
Qth . It can be derived by equating the gaina(V) and the
reciprocal of the photon lifetimet in the cavity5,6 controlled
by the total losses:

a~V0 ,Jth!5
1

t
,

]a~V!

]V U
V5V0

50. ~1!

The latter condition is the equation for the lasing frequen
The expression fora(V) describing electronic transition
between the subbands has the form5,6

a~V!

a0
5E

0

` d«@ f 2~«!2 f 1~«!#g

~j2~«!2j1~«!!21g2 , a05
e2uV12u2

Vk
,

~2!

j2~«!5«1v2
V

2
, j1~«!5«1

V

2
, ~3!

wheref 2(«) and f 1(«) are distribution functions of electron
in the subbands2 and1 ~Fig. 1!, g is the damping factor of

FIG. 1. Energy in the subbands versus quasimomentum. The dashed
show transitions with emission of an optical phonon, the wavy line show
optical transition.
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to be constant with the energy!, V is the electromagnetic
field frequency,V12 is the matrix element of the electroni
transition between the subbands,k is the dielectric constant
ande is the electron charge.

If the band nonparabolicity is ignored, the differen
j22j15v2V[d is independent of the energy. In this cas
the electronic transitions with emission~or absorption! of
photons occur throughout the subband, and the system
equivalent to a conventional two-level system. The las
condition in this approximation is2,4

t t,t0 , ~4!

which is necessary to satisfy conditions~1! and ~2!.
The inclusion of the subbands nonparabolicity chan

the situation radically.5,6 First, the rigorous condition~4! is
no longer necessary. Second, it becomes possible to sig
cantly reduceQth because the subband nonparabolicity lim
the lasing spectral range.

If we use the simplest approximation for the GaAs ele
tronic spectrum,9 the differencej22j1 in the case of a deep
quantum well can be expressed as5,6

«22«15d2b«, b52v/«g , ~5!

where«g is the band gap width. Later similar results we
obtained by Gelmontet al.10 Faist et al.7 studied a more
complicated model taking into account features of real str
tures, and their results are approximately equal to those
ported in Refs. 5 and 6 to within 25%.

By taking into account Eq.~5! and assuming that

f 2~«!2 f 1~«!5H D f , 0,«,m,

0, m,«,
~6!

we derive from Eq.~1! at the resonant frequency

V05v2
mb

2
,

a~V0!

a0
5
2D f

b
arctan

mb

2g
'

D fp

b

for mb@2g. The threshold population inversion is dete
mined, correspondingly, by the expression

D f th5
b

pta0
. ~7!

In order to determineQth , we need the relationship betwee
f i(«) andQ. It can be determined by solving the system
kinetic equations for f i(«) and the number of optica
phononsN.

The relevant kinetic equations were derived by Ele
and Kopaev.5,6 They also reduced the system of equations
a system of coupled equations for the functionsf 1(n) and
f 2(n), where

f 1~n![ f 1~v1~n21!v0!5 f 1~«!,

f 2~n![ f 2~v1nv0!5 f 2~«!, n50, 1, 2 . . .

The functionsf 1(n) and f 2(n) describe the distribution o
electrons with energies in a narrow intervalm!v0 around

es
n
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f 1~0!@j1N~11z!1 f 1~1!1z f2~1!#

5~11N!@ f 1~1!1z f2~1!#, ~8!

f 1~0!@j111N~21z!2 f 1~0!1 f 1~2!1z f2~2!#

5Nf1~0!1~11N!@ f 1~2!1z f2~2!#, ~9!

f 2~1!@Qt0111N~21z!2 f 1~0!1 f 1~2!1z f2~2!#

5Nf1~0!1~11N!@ f 1~2!1z f2~2!#1Qt0 , ~10!

f 1~n!@j1~11z!~112N!2 f 1~n21!2z f2~n21!

1 f 1~n11!1z f2~n11!#

5N@ f 1~n21!1z f2~n21!#1~11N!@ f 1~n11!

1z f2~n11!#, ~11!

f 2~n!@~11z!~112N!2 f 1~n21!2z f2~n21!1 f 1~n

11!1z f2~n11!#

5N@ f 1~n21!1z f2~n21!#1~11N!@ f 1~n11!

1z f2~n11!#, ~12!

wherej5t0 /t t , z5m2 /m1 is the ratio between the electro
effective masses in the subbands2 and1, respectively. In all
our analytical calculations we takez51 ~the casez Þ 1 is
considered in Sec. 4!. Equations~11! and ~12! are valid for
n>2. The system should be supplemented with an equa
for the numberN of optical phonons:5

N
t t

tesc
5 f 1~0!2 (

n52

`

~n21! f 1~n!, ~13!

wheretescis the time in which phonons escape from a reg
with given dimensions.5

Given that the functionsf 2(n) are nonzero in a narrow
energy interval, the differencef 2(«)2 f 1(«) in Eq. ~6! be-
comes equal tof 2(1) at the generation threshold. Speci
cally, the electrons emitting optical phonons do not arrive
the bottom of the subband1, i.e., f 1(«)50 in the region
where lasing occurs~Fig. 1!, except the case of resonanc
whenv5kv0 .

3. EXACT ANALYTICAL SOLUTION IN THE QUASILINEAR
APPROXIMATION FOR QUANTUM WELLS

An exact analytical solution of the Eqs.~8!–~13! in the
approximation linear inf andQt0 was described in Refs. 5
and 6. It was assumed that the linear approximation~f!1,
Qt0!1! applied in a range extending toQ;1/t0, since the
nonlinear terms in Eqs.~8!–~12!, which were omitted in that
approximation, were comparable to terms of order 113N,
whereN;1.

Numerical calculations and more accurate analysis, h
ever, have revealed that some terms in the denominato
the expressions forf i ~their formulas are given below! cancel
one another, and the linear approximation is valid wh
Qt0 is limited to a quantity of orderj!1, rather than
113N'4.
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lead to divergence are caused only by the term proportio
to Qt0f 2(1) on the left-hand side of Eq.~10!. If this term is
retained~we call this the quasilinear approximation!, the lin-
ear system of equations derived from Eqs.~8!–~13! has an
exact analytical solution in good agreement~see Sec. 4! with
the numerical solution to Eqs.~8!–~13!.

The solution of the system~8!–~13! in the quasi-linear
approximation is as follows:

f 1~n!5A1 exp~an!, f 2~n!5A2 exp~an!, n>2,
~14!

Ã15A1 exp~a!5Qt0
~j1c!b

~j12b!D̃
,

Ã25A2 exp~a!5Qt0
~j1b!~j1c!

~j12b!D̃
, ~15!

D̃5~j1c!~c1Qt0!2~11N!~j12c1Qt0!2~11N!

3~j12c1Qt0!@exp~a!1N/~j12N!#, ~16!

f 1~0!5Qt0
~11N!~j1c!

~j12N!D̃
, ~17!

f 1~1!5Qt0
y

D̃
, y5~11N!exp~a!1

N~11N!

j12N
, ~18!

f 2~1!5Qt0
j1c2y

D̃
, ~19!

exp~a!5
b~j1b!

2~11N!~j12b!

2AH b~j1b!

2~11N!~j12b! J 22 N

11N
, ~20!

b52~112N!, c5113N.

Equations~7! and~14!–~20! yield the threshold injection
rateQth in a general form.

The solution~14!–~20! obtained in the quasilinear ap
proximation differs from the linear solution5,6 only in the
denominatorD̃, which containsQt0 . We note that some
errors slipped into the equations given in Ref. 5~for ex-
ample, Eq.~57! of Ref. 5 should containn>2!, although
these errors did not affect the final results and conclusio
The calculations performed in both linear and quasilin
approximations coincide in the limiting casej!1, but some
differences in numbers emerge forj@1. Note that the solu-
tion ~14!–~20! agrees well with numerical calculations~see
Sec. 4!.

It is interesting to investigate the limiting casesj!1 and
j@1. In the first case, after expanding inj!1 (j!N) and
performing lengthy calculations, we derive from Eqs.~14!–
~20!

f 1~0!'Qt0
11N

j~11N!21Qt0N
, ~21!
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2 1 0 j~11N!21Qt0N

We see thatQt0 in the denominators of Eqs.~21! and
~22! should be compared not with 113N, but with a param-
eter proportional toj. If

Qt0,Qct05j~11N!2/N;4j, ~23!

we obtain Eqs.~72! and ~73! from Ref. 5. ForQ.Qc @or
j,jc5Qt0N/(11N)2# the growth in f 2(1) described by
Eq. ~22! saturates, i.e.,f 2(1)→1.

In the quasilinear approximation, one can easily der
an equation forN:

N

11N
5Qtesc

j~12N2!

j~11N!21Qt0N
. ~24!

ForQ,Qc it transforms to Eq.~74! from Ref. 5. The value
of N derived from this cubic equation is substituted into E
~22! to obtainf 2(1) as a function ofQt0 ~see below Fig. 3a!.
The limit of N atQtesc@1 is of order unity~for details see
Sec. 4!.

Now let us determine the threshold injection rate us
Eqs.~7! and ~22!:

Qth~j!1!'
~11N!2

Nt t

q

12q
, ~25!

q5b/pta0 .

We can see that, owing to the effect of optical phon
reabsorption,Qth is determined not byt0 , but by the effec-
tive electron lifetime in the upper subband,t tN/(11N)2.

Consider the opposite limitj@1. By expanding in terms
of the small parameter 1/j and assumingj@N, we obtain
the following expressions:

f 1~0!'
Qt0~11N!

j~a1Qt0!
, ~26!

f 2~1!'
Qt0

a1Qt0
, ~27!

where a5N1A113N13N2.
The equation forN in this case has the form

N

Qtesc
5

~11N!~21N2A113N13N2!

~A113N13N22N!~A113N13N21N1Qt0!
.

~28!

In the caseQtesc@1, we derive from Eq.~28! the limit of the
phonon numberN0 :

N051.5.

Hence,a55 atN5N0 , and the linear approximation is vali
for Qt0<5.

At arbitraryQtesc the number of phonons as a functio
of Qt0 can be determined by solving Eq.~28! numerically.
These numerical calculations are shown in Fig. 2. The gr
shows thatN051.5, in agreement with the analytical calc
lation. The dashed curve in Fig. 2 shows the funct
N(Qt0) calculated by numerically solving the system
nonlinear equations using the iterative technique~see Sec. 4!.
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The solid and dashed curves are very close, which pro
that the quasilinear approximation can be used in calcula
N.

Let us derive the threshold injection rate in the lim
j@1 from Eqs.~7! and ~27!:

Qth~j@1!'
5

t0

q

12q
. ~29!

By comparing Eqs.~25! and ~29!, we obtain the relation

Qth~j!1!

Qth~j@1!
'

~11N!2

5N
j,

wherej!1 holds on the right-hand side. AssumingN'1,
we have an estimate

Qth~j!1!

Qth~j@1!
;j, ~30!

which is almost identical to Eq.~76! in Ref. 5. It is clear that
the threshold injection rate can be reduced proportionally
j5t0 /t t ~for example, by increasingt t through the barrier
thickness!. We should stress that this result is valid f
Qtesc@1, butQth can be reduced for allQtesc>1.

4. NUMERICAL SOLUTIONS OF THE SYSTEM OF
NONLINEAR KINETIC EQUATIONS FOR THE CASE OF
QUANTUM WELLS

We have calculated numerical solutions of the nonlin
equation system~8!–~13! with the parameterstesc, t0 , t t ,
andQ varied over wide ranges. This has been done using
iteration technique. On each step of the iteration process
equation system~8!–~13! was considered as a system of li
ear algebraic equations, the functionsf i(n) in the brackets
on the left-hand side of Eqs.~8!–~13! being constants calcu
lated in the previous iteration. All the times were measu
in units of t0 .

Sincef 2(1) determines, in fact, the threshold populati
inversion, it seems that the shape of this function is m

FIG. 2. The number of phononsN versus the injection rateQt0 obtained by
solving Eq. ~28! numerically. The curves were calculated at~1!
tesc/t0510, ~2! 102, ~3! 103, and~4! 105. The dashed line corresponds to
numerical solution of nonlinear system of equations~8!–~13! at
t t /t050.1 (j510) andtesc/t0510.
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FIG. 3. The functionf 2(1) versus
the injection rateQt0 . The solid
curve shows a numerical solution o
the nonlinear equation system~8!–
~13!, the dashed curve a solution o
Eqs. ~8!–~13! in the quasilinear ap-
proximation, and the dash-dotte
curve a solution of Eqs.~8!–~13! in
the linear approximation. The dash
dotted line with three dots in a row is
a calculation from Eq.~22! for the
casej510 and from Eq.~27! for the
case j50.2, tesc/t0510. ~a!
t t /t055 (j50.2); ~b! t t /t050.1
(j510).
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more information. Figures 3–8 show typical curves
f 2(1) andN as functions oft t /t0 andQt0 .

Figure 3a demonstrates the coincidence among
curves of f 2(1) versusQt0 calculated by Eq.~22! for the
limiting case j!1 ~dash-dotted line with three dots in
row!, of the numerical solution of Eqs.~8!–~13! in the quasi-
linear approximation~dashed curve!, and of the numerica
solution of the equation system~8!–~13! ~solid curve!. The
graph indicates that the solution obtained in the quasilin
approximation is, in fact, identical to the numerical soluti
in the wide range ofQt0 , and the solution obtained in th
linear approximation has a satisfactory accuracy up
Qt0;j.

Figure 3b shows similar curves atj510. In the limit
j@1 the functionf 2(1) versusQt0 was calculated using Eq
~27!. It is clear that in the limitj@1 the analytical solution
~27! is in good agreement with the numerical solutions of
nonlinear equation system and with solutions obtained in
linear and quasilinear approximations. Note that in all
limiting cases the quasilinear analytical solution~22!, ~27! is
valid over a wide range ofQt0 .

Figure 4a showsf 2(1) versust t /t0 at Qt050.1. The
curve demonstrates the growth inf 2(1) with t t /t0 , in ac-
cordance with the analytical results~22! and ~27! ~see also
Refs. 5 and 6!. For example, in the caseQt0!1, Qtesc@1
~Fig. 3b!, we havef 2(1);0.027 att t /t050.1 (j510) and
f 2(1);0.25 at t t /t0510 (j50.1). This is in agreemen
with the main conclusion that the threshold injection ra
should decrease witht t . Note also that the increase i
f 2(1) is not so large at relatively largeq/t0 @Eqs. ~22! and
~27!#.

Up to this point, we have assumed that the elect
masses in the subbands are equal. If we assume that the
different (m2.m1), the solid curves with dots in Fig. 4
numerically calculated by solving Eqs.~8!–~13! at
m2 /m151.5, indicate thatf 2(1) becomes larger than for th
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conditions being equal.

5. NUMERICAL SOLUTIONS OF THE NONLINEAR KINETIC
EQUATION SYSTEM FOR THE CASE OF QUANTUM
WIRES

As was noted in Introduction, it is interesting to consid
a kinetic model of a one-dimensional cascade laser in v
of the slower electron–electron relaxation and singularit
in the density of states in a one-dimensional system. T
system of kinetic equations can be reduced in this case
system of coupled equations in the form

f 1~0!F j1NS 1

Aw
1

x

A2m̃
D 1

f 1~1!

Aw
1x

f 2~1!

A2m̃
G

5~11N!F f 1~1!

Aw
1
f 2~1!

A2m̃
G , ~31!

f 1~1!F j1
11N

Aw21
1NS x1

1

Aw11
D 2

f 1~0!

Aw21

1
f 1~2!

Aw11
1x f2~2!G

5 f 1~0!
N

Aw21
1~11N!F f 1~2!

Aw11
1x f2~2!G , ~32!

f 2~1!FQt01
11N

Aw21
1NS x1

1

Aw11
D 2

f 1~0!

Aw21

1
f 1~2!

Aw11
1x f2~2!G

5 f 1~0!
N

Aw21
1~11N!F f 1~2!

Aw11
1x f2~2!G

1Qt0 , ~33!
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f 1~2!F j1
Aw

1
&

1NS Aw12
1

Aw
1

A2m̃
1
&

D
2
f 1~1!

Aw
2x

f 2~1!

A2m̃
1

f 1~3!

Aw12
1x

f 2~3!

&

G
5NF f 1~1!

Aw
1x

f 2~1!

A2m̃
G1~11N!

3F f 1~3!

Aw12
1x

f 2~3!

&

G , ~34!

f 2~2!F ~11N!S x

A2m̃
1

1

AwD 1NS 1

Aw12
1

x

&

D
2
f 1~1!

Aw
2x

f 2~1!

A2m̃
1

f 1~3!

Aw12
1x

f 2~3!

&

G
5NF f 1~1!

Aw
1x

f 2~1!

A2m̃
G1~11N!F f 1~3!

Aw12

1x
f 2~3!

&

G , ~35!

f 1~n!F j1
1

Aw1n22
1

x

An
1NS 1

Aw1n
1

1

Aw1n22

1
x

An22
1

x

AnD 2
f 1~n21!

Aw1n22
2x

f 2~n21!

An22

1
f 1~n11!

Aw1n
1x

f 2~n11!

An G
5NF f 1~n21!

Aw1n22
1x

f 2~n21!

An22
G1~11N!

3F f 1~n11!

Aw1n
1x

f 2~n11!

An G , ~36!

f 2~n!F ~11N!S x

An22
1

1

Aw1n22
D 1NS 1
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wherej5t0 /t t , x5Am1 /m2, w5v/v0 , andm̃5m/v0 . In
Eqs.~36! and ~37! we haven>3.
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This equation system should be supplemented with
equation for the phonon number5 similar to Eq.~13!. In the
one-dimensional configuration, this equation may differ fro
the corresponding equations in the two-dimensional@Eq.
~13!# and three-dimensional cases. In fact, one can ea

FIG. 4. The functionf 2(1) versust t /t0 . The solid curve shows a numeri
cal solution of the system of nonlinear equations~8!–~13!, the dashed line
shows a solution in the quasi-linear approximation, the dash-doted lin
solution in the linear approximation. The solid line with circles is a nume
cal solution of Eqs.~8!–~13! for a ratio between the effective masses in t
subbands m2 /m151.5. ~a! Qt050.1, tesc/t0510; ~b! Qt050.1,
tesc/t05100; ~c! Qt051, tesc/t0510.
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prove using the energy and momentum conservation tha
optical phonon emitted by an electron can impart its ene
only to the same electron. Therefore Eq.~13! should be,
generally speaking, modified considerably. But in the r
situation, when there are several types of optical phono
these changes may be not so drastic.11 Taking into account
this factor and with a view to simplify the calculation, w
use an equation similar to Eq.~13!, but with allowance for
the electron density of states in the one-dimensional cas

N
t t

tesc

1

m̃
5

f 1~0!

Aw21
2 (

n52

`
~n21! f 1~n!

Aw1n21
. ~38!

Since the density of state in this case is a function
energy, the system of equations~31!–~38! is more compli-
cated than in the case of quantum wells@Eqs.~8!–~13!#, and
we could not find an analytical solution. Both systems~31!–
~38! and~8!–~13! have been solved by an iteration techniq

FIG. 5. Curves off 2(1) versust t /t0 for quantum wires~solid lines! and
quantum wells~dashed lines!. The calculations were performed at~1!
Qt051, ~2! 0.5, and~3! 0.1.

FIG. 6. Curves off 2(1) versusQt0 for the case of quantum wires~solid
lines! and quantum wells~dashed lines!. Calculations were preformed at~1!
t t /t055, ~2! 2, ~3! 1, ~4! 0.7, and~5! 0.1.

381 JETP 84 (2), February 1997
an
y

l
s,

:

f

with the parameterstesc, t0 , t t , Q, andm varied over a
wide ranges. In all these calculations the electron masse
the subbands were equal.

Figure 5 shows typical curves off 2(1) versust t /t0 at
variousQt0 ~see caption to Fig. 5!. For comparison similar
curves for the two-dimensional system are also shown.
solid curves show functions calculated numerically for t
case of quantum wires, and dashed curves correspond t
case of quantum wells. One can see that in the o
dimensional system, as in the two-dimensional configurat
f 2(1) increases witht t /t0 , and at a higher rate. Thus w
conclude that the threshold injection rate in quantum wi
decreases witht t , and even faster than in quantum wells.

We have also thoroughly investigatedf 2(1) as a func-
tion of Qt0 . The curves are shown in Fig. 6. The gain
f 2(1) is higher at small injection rates. It is interesting th
for t t /t0!1 the gain inf 2(1) for quantum wires is less tha
for quantum wells.

FIG. 7. The function f 2(1) versus t t /t0 for quantum wires. ~1!
m/v050.2, ~2! 0.02, and~3! 0.002;Qt050.05.

FIG. 8. The number of phononsN versusQt0 for the case of quantum wires
~solid lines! and quantum wells~dashed lines!. The curves were calculated
at ~1! t t /t050.1, ~2! 0.2, ~3! 0.7, ~4! 1, ~5! 2, and~6! 5.
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The effect of the density of states is illustrated by Fig. 7,
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which showsf 2(1) versust t /t0 for various energy spread
m of the injected electrons. If the electron energy distribut
is narrower, the parameterf 2(1) grows faster witht t /t0
owing to the singularity in the density of states described
Eqs.~31!–~35! by the terms proportional to 1/Am̃.

The difference inf 2(1) between two- and one dimen
sional systems is probably caused by the difference in
numbers of phonons in wires and wells for equal model
rameters. This is illustrated by Fig. 8, which showsN as a
function ofQt0 at differentt t ~see caption to Fig. 8!. Figure
8 demonstrates that in both quantum wells and quan
wires N rapidly saturates with the growth of the injectio
rate att t,1 ~N;1 even thoughQt0!1! because at large
t t energy is accumulated not only by phonons, but also
the electrons of the lower subband.

6. CONCLUSION

Thus, numerical solutions of the system of nonline
equations for the electron distribution functionsf 1(n) and
f 2(n) and the number of phononsN have confirmed the
main conclusions of Refs. 5 and 6 about the possibility
reducing the threshold injection rate~threshold current! and
about the kinetics of a quantum cascade quantum-well la
We have determinedf 1(n), f 2(n), andN with the model
parameters and injection rateQ varied over wide intervals
and limits within which the linear approximation5,6 applies.
We have proved that the linear approximation is valid
Q,Qc @see Eq.~23!#, whereQ;j, i.e., in a relatively nar-
row range forj!1 and over a wider range forj@1.

On the other hand, the analytical solution in the qua
linear approximation described in the paper can be used
a wide interval ofQ with good accuracy. Using this solution
one can obtain the threshold injection rateQth both in the
general case and in specific limiting cases, and prove tha
phonons are accumulated (Qtesc@1), the threshold injection
rateQth can be reduced notably and is controlled only
electron–electron and electron–phonon scattering. Note
estimates oftesc present some problems. The phonon dec
rate 1/tesc is determined by its departure from the acti
region ~this time is evidently long, 1028–1029 s5,6! and its
decay into acoustic phonons. The latter process is faste
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longer thant0 .
The features of the electron kinetics in two-dimension

quantum cascade lasers are also typical of quantum-wire
sers. The exact numerical solutions of the respective kin
equation system demonstrate that by increasingt t it is pos-
sible to reduce the threshold current even more than i
quantum-well laser.

Furthermore,t t in a quantum-wire laser can be increas
to a higher value~10210 s! owing to the lower intrasubband
electron–electron relaxation rate,8 so the threshold curren
may be two or three orders of magnitude lower.

The threshold current can be additionally reduced ow
to singularities in the electron density of states and differ
effective masses in the subbands. To sum up, it is poss
that quantum-wire lasers using transitions between subba
in the conductance band will have threshold currents com
rable to those of conventional quantum-well lasers based
the transitions between the conductance and valence ba
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