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The paper presents a numerical solution of a system of nonlinear equations for the electron
distribution functions in the upper and lower subbands between which lasing transitions occur and
the number of nonequilibrium optical phonons in semiconducting cascade lasers based on
quantum wells and wires. For the case of quantum wells, we propose an analytical solution of this
system of equations, which is a generalization of the previously found solitioR. Elesin

and Yu. V. Kopaev, Zh. Esp. Teor. Fiz108 2186(1995 [JETP81, 1192(1995]; V. F. Elesin

and Yu. V. Kopaev, Sol. St. Commuf6, 897 (1995] in a wider range of injection rates.

The threshold injection rate can be significantly reduced owing to reabsorption and accumulation
of nonequilibrium optical phonons, nonparabolicity of the subbands and different effective

masses of electrons in different subbands. In the case of quantum wires, the threshold injection rate
is considerably lower, and its decrease is even larger than in quantum wells. It is remarkable
that, owing to the lower electron—electron relaxation rate in the one-dimensional case,

the decrease in the threshold injection rate may be two or three orders of magnitude. The relation
between the density of states and threshold current has also been studié897©

American Institute of Physic§S1063-776(97)02102-]

1. INTRODUCTION In addition to the nonparabolicity, another important ef-
fect is the considerable drop in the threshold current due to
A new type of semiconductor las¢quantum cascade an increase in(79<7), and accumulation and reabsorption
lasey proposed in the original publications by Kazarinov andof optical phonons:® In fact, these effects lead to a longer
Suris has been implemented quite recertThe interestin  effective lifetime of electrons in the upper subband, hence a
guantum cascade lasers based on electronic transitions bewer injection rate is needed to create conditions for the
tween subbands in the conductance band is stimulated by thpulation inversion.
possibility of tuning them over a wavelength interval extend- ~ The calculation® for the case of quantum wells were
ing from the near to far infrared. based on an exact analytic solution of the system of kinetic
Since transitions between subbands due to emission @quations for the electron distribution functions in the sub-
optical phonons are allowed, quantum cascade lasers abmnds and the number of phonons. The injection Gteas
characterized by high threshold currents and highly nonequiassumed to be low in this ca$®ry<1, linear approxima-
librium states of their electron systems. Specifically, thetion).
electron lifetime in the upper subband, equal to the time of  The aim of the present study was to find a solution of the
optical phonon emissionr(), is short(ry~10"12-10"1®s)  system of kinetic equations for the electron distribution func-
compared to the electron lifetime,~10 1° ) in conven- tions and threshold injection ratésence the threshold cur-
tional semiconductor lasers based on transitions between thienty over a wide range of parameters of the kinetic model
conduction and valence bands. As a result, it is difficult toof the quantum cascade laser. We have studied both the two-
create population inversion in the system and, since the eleclimensional model of a quantum-well laser and the one-
tron system is far from equilibrium, a kinetic approach isdimensional model of a quantum-wire laser. The latter case
indispensable in modeling the electron energy relaxation iris especially interesting in that it offers a way to substantially
such lasers. reduce the threshold currefur study has confirmed the
In the first experiments with quantum cascade la&2rs, feasibility of this effect. This reduction is due to singulari-
the parameters of a semiconducting heterostructure were sges in the electron density of state in a one-dimensional sys-
lected so that the electron transit time from the lower subtem and a drastically lower electron—electron relaxation rate.
band, r,, should be shorter tham, in order to create the Let us recall that, in the one-dimensional configuration of a
population inversion. This condition is inevitable if the laser single-band model, electron—electron scattering does not
is treated as a two-level system and band nonparabolicity iead to energy relaxati8rithis follows from energy and mo-
ignored®* With due account of the nonparabolicity, how- mentum conservation An important point is that for
ever, the situation is radically differen.In this case, radia- r,<7, the threshold current is controlled by electron—
tive transitions occur in a fairly narrow energy range, soelectron relaxation:®
there is no need to satisfy the strict conditigg®> 7. As a The paper is organized as follows. Section 2 describes
result, full inversion of the subband populations is not necthe model and gives basic solutions. Section 3 presents an
essary. This conclusion was confirmed by experimentgxact analytical solution of the system of kinetic equations
shortly afterward. for electrons and phonons in the quasilinear approximation,
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nondiagonal components of the density mafiixs assumed
to be constant with the energy is the electromagnetic
field frequency,V,, is the matrix element of the electronic
transition between the subbandsis the dielectric constant,
ande is the electron charge.

If the band nonparabolicity is ignored, the difference
& — €= w—Q=4is independent of the energy. In this case,
the electronic transitions with emissidior absorption of
photons occur throughout the subband, and the system is
equivalent to a conventional two-level system. The lasing
condition in this approximation ¢

FIG. 1. Energy in the subbands versus quasimomentum. The dashed lines Tt<T7o, (4)

show transitions with emission of an optical phonon, the wavy line showsan_, . . . .
optical transition, which is necessary to satisfy conditiofly and(2).

The inclusion of the subbands nonparabolicity changes
the situation radically:® First, the rigorous conditioi4) is
which applies to a wide range 6. Numerical solutions of no longer necessary. Second, it becomes possible to signifi-
the initial equation system in the case of quantum wells angantly reducey, because the subband nonparabolicity limits
their detailed analysis are given in Sec. 4. Section 5 presentbe lasing spectral range.
a numerical solution of the system of nonlinear kinetic equa-  If we use the simplest approximation for the GaAs elec-
tions for the case of quantum wires. tronic spectrunf, the differencet,— & in the case of a deep
quantum well can be expressed s

2. BASIC EQUATIONS AND STATEMENT OF THE PROBLEM g,—&1=0— Be, ﬂ=2(u/89, (5)

As in the previous studi€¥’ let us consider the follow- whereg, is the band gap width. Later similar results were
ing model(Fig. 1). Let there be two subbands with disper- obtained by Gelmonet all® Faist et al.” studied a more
sionse4(p) ande,(p), such that transitions between them complicated model taking into account features of real struc-
are accompanied by emission of phonons with the energyures, and their results are approximately equal to those re-
Q) (hereafterh=c=1, wherec is the speed of light in ported in Refs. 5 and 6 to within 25%.
vacuum. Electrons are injected into the subband 2 at a rate By taking into account Eq(5) and assuming that
Q and drain from the subband 1 with a probabiﬁﬁ/l. The

. . . Af, O0<e<u,
optimal conditions for operation of quantum cascade lasers fo(e)—fi(e)= (6)
are achieved by selecting the parameters of the quantum 0, wu<e,
wells and barriers of the structu%_e : we derive from Eq(1) at the resonant frequency

In the present model, the main scatterers of electrons are
optical phonongthe typical energy isny=~0.034 eV). At uB

p=0 the difference between the subband energies Qo=ow- 2

w=¢,(0)—¢e4(0) is approximately several phonon energies

wg. The parameter (u<w,) is the spread of the injected a(Qo) _2Af arctan£~ Afa
electron energy. ay B 2y P

Our main task is to determine the threshold injection rat
Qu - It can be derived by equating the gaif() and the
reciprocal of the photon lifetime in the cavity*® controlled

Sor uB>2v. The threshold population inversion is deter-
mined, correspondingly, by the expression

by the total losses: Af B )
(. Jg) = l da (L)) 0 W th TTag
05t = 710} a-0, ' In order to determin€y,, we need the relationship between

o _ _ fi(e) andQ. It can be determined by solving the system of
The latter condition is the equation for the lasing frequencykinetic equations forf;(¢) and the number of optical
The expression foix(£2) describing electronic transitions phononsN.

between the subbands has the fafm The relevant kinetic equations were derived by Elesin
a(Q) = de[fa(e)—fqi(e)]y e2|V,2 and KopaeV:® They also reduced the system of equations to
a—=f (Ex(8)—E1(2)) 24 72 Q=" a system of coupled equations for the functidgén) and
o Joie2 L 4 (2 fam), where
QO Q fi(n)=f1(w+(n=1)we)="fi(e),
Gle)=etom7, &le)=et 7, @ fo(M=ty(w+nwg)=fx(e), N=0,1,2...

wheref,(e) andf,(¢e) are distribution functions of electrons The functionsf;(n) and f,(n) describe the distribution of
in the subband& and1 (Fig. 1), y is the damping factor of electrons with energies in a narrow interya€ w, around
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the energiez = w*nwy. These equations have the form At the same time, “dangerous” denominators that may
lead to divergence are caused only by the term proportional
FL(O)[£+N(1+2)+f1(1)+2f,(1)] t0 Q7yf (1) on the left-hand side of EG10). If this term is
=(1+N)[f1(1)+zfy(1)], (8)  retained(we call this the quasilinear approximatjothe lin-
ear system of equations derived from E®—(13) has an

F1(O)[E+1+N(2+2)—f1(0)+12(2) +215(2)] exact analytical solution in good agreemésee Sec. Awith

=Nf,(0)+(1+N)[f1(2)+2f,(2)], (99  the numerical solution to Eq$8)—(13).
The solution of the syster8)—(13) in the quasi-linear
fo(1[Q7o+1+N(2+2)—f1(0) +f1(2) +2f,(2)] approximation is as follows:
=Nfy(0)+(1+N)[f1(2)+2f,(2)]+Qo, (10 fi(nN)=A; explan), fy(nN)=A,expan), n=2,
fo(MIE+(1+2)(1+2N)—f1(n—1)—zfy(n—1) (14
~ +c)b
+f(n+1)+zf(n+1)] R,= A, expla)=Qr, @Tb)x
=N[f,(n—1)+2zf,(n—1)]+(1+N)[f1(n+1) (£+2b)
~ +b)(é+c
+zfy(n+1)], (11) A=A, expla)=Qrg —w—(§(§+)2(§)A ) , (19
fo(N)[(1+2)(1+2N)—f(n—1)—zf,(n—1)+f(n
+1)+zf,(n+1)] A=(&+c)(c+ Q7o) —(L+N)(§+2¢c+Q7p) —(1+N)
=N[f;(n—1)+zf(n—1)]+(1+N)[fo(n+1) X(&+2c+Qmo)[expla) +N/(E+2N)], (16)
+zf,(n+1)], 12 (1+N)(é+c)
. . f1(0)=Q1g ————=—, 17
whereé= 79/, zZ=m,/m, is the ratio between the electron (¢+2N)A
effective masses in the subbarlandl, respectively. In all
our analytical calculations we take=1 (the casez # 1 is y N(1+N)
considered in Sec.)4Equations(11) and (12) are valid for f1(1)=Qo X y=(1+N)expa)+ £+2N (18)
n=2. The system should be supplemented with an equation
for the numbem of optical phonons: E+c—y
* f2(1)=Qrg —=—, (19
Tt A
N—=1,(0)= 2, (n=1)fy(n), (13
esc n=2 b(§+b)
wherer,g.is the time in which phonons escape from a region ~ &XX@)= 2(1+N)(é+2b)
with given dimensions.
Given that the function$,(n) are nonzero in a narrow \/ b(¢é+b) 2 N
energy interval, the differenck,(¢)—f4(e) in Eq. (6) be- B 201+N)(E+2b) | 14N (20

comes equal td,(1) at the generation threshold. Specifi-
cally, the electrons emitting optical phonons do not arrive at  b=2(1+2N), c¢=1+3N.
the b°“°”.‘ of the su_bbanﬂi, e, f1(2)=0 in the region Equationq7) and(14)—(20) yield the threshold injection
where lasing occur¢Fig. 1), except the case of resonance, .
when o—=Kon. rate Qy in a g.eneral form. . _ N
0 The solution(14)—(20) obtained in the quasilinear ap-
proximation differs from the linear solutidfi only in the

3. EXACT ANALYTICAL SOLUTION IN THE QUASILINEAR denominatorA, which containsQr,. We note that some

APPROXIMATION FOR QUANTUM WELLS errors slipped into the equations given in Ref(fér ex-
ample, Eq.(57) of Ref. 5 should contaim=2), although

An exact analytical solution of the Eq&)—(13) in the  these errors did not affect the final results and conclusions.
approximation linear irf andQr, was described in Refs. 5 The calculations performed in both linear and quasilinear
and 6. It was assumed that the linear approximaticsl,  approximations coincide in the limiting cage<1, but some
Q7p<<1) applied in a range extending @~ 1/, since the  differences in numbers emerge f&# 1. Note that the solu-
nonlinear terms in Eqg¢8)—(12), which were omitted in that  tion (14)—(20) agrees well with numerical calculatiorisee
approximation, were comparable to terms of order3N, Sec. 4.
whereN~1. It is interesting to investigate the limiting caseé<1 and

Numerical calculations and more accurate analysis, howgs-1. In the first case, after expanding ér<1 (£<N) and
ever, have revealed that some terms in the denominators gkrforming lengthy calculations, we derive from Ei4)—
the expressions fdf; (their formulas are given belogveancel  (20)
one another, and the linear approximation is valid when
Qr, is limited to a quantity of orderg<1, rather than £,(0)=Qr 1+N
1+3N~4. 1 O £(1+N)?+QryN’

(21)
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1+N
f2(1)%f1(1)~QTO §(1+N)2+QTON

(22

We see thaQ7, in the denominators of Eq$21) and
(22) should be compared not with+13N, but with a param-
eter proportional tc. If

Q7o<Q7o=&(1+N)?/N~4¢, (23

we obtain Eqs(72) and (73) from Ref. 5. ForQ>Q, [or
E<&,=Q7oN/(1+N)?] the growth inf,(1) described by
Eq. (22) saturates, i.ef,(1)—1.

In the quasilinear approximation, one can easily derive
an equation foiN:

O T T T
2 T T T T T
N E(1-N%) 0 0.2 0.4 0.6 0.8 Qr,

R ) 24
1N~ Q7 E(14 N)2+ QroN 24
For Q<Q. it transforms to Eq(74) from Ref. 5. The value FIG. 2. The number of phonomé versus the injection rat® 7, obtained by

: : : . ; . : solving Eqg. (28) numerically. The curves were calculated &t)
of N denveq from this cubic .equatlon IS SUbStItUteq Into Eq'-resclrozlo, (2) 1¢%, (3) 10°, and(4) 10°. The dashed line corresponds to a
(22) t(_) O_btamfz(l) asa functlon oy (Sge below F!g. 32 pumerical solution of nonlinear system of equatiori®)—(13) at
The limit of N at Qs> 1 is of order unity(for details see  7,/7,=0.1 (¢=10) andress/ 7o=10.

Sec. 4.
Now let us determine the threshold injection rate usingT . )
Egs.(7) and (22): he solid and dashed curves are very close, which proves
that the quasilinear approximation can be used in calculating
(1+N)* q N.
Qu(e=<l)= N7, 1-—q’ (25) Let us derive the threshold injection rate in the limit
&1 from Egs.(7) and (27):
q=pBl/mrayg. .
. . q
We can see that, owing to the effect of optical phonon  Qu(£>1)~ 1 a (29
reabsorptionQy, is determined not by, but by the effec- 0 g
tive electron lifetime in the upper subbangN/(1+ N)?. By comparing Egs(25) and(29), we obtain the relation
Consider the opposite limig>1. By' expanding in terms Qu(é<l) (1+N)?
of the small parameter §/and assuming>N, we obtain o= N ,
the following expressions: Qu(£>1) >
where £<1 holds on the right-hand side. Assumihg=1,
Q7o(1+N) :
f(0)~ ——, (26)  Wwe have an estimate
&(a+Qmo) Op(£<1)
thl &=
fa(1)~ atOry’ (27) th
0 which is almost identical to Eq76) in Ref. 5. It is clear that
where a=N+ 1+ 3N+ 3N2. the threshold injection rate can be reduced proportionally to
The equation folN in this case has the form &= 1o/ 7, (for example, by increasing; through the barrier
N (14+N)(2+N—JI+3NT3ND) thickness. We should stress that this result is valid for

Q7o 1, butQy, can be reduced for alD 7., 1.

QTese (V1+3N+3N2—N)(V1+3N+3N2+N+Qrp)’
(28) 4. NUMERICAL SOLUTIONS OF THE SYSTEM OF

In the cas& 7.1, we derive from Eq(28) the limit of the NONLINEAR KINETIC EQUATIONS FOR THE CASE OF
phonon numbeN: QUANTUM WELLS
N-=15 We have calculated numerical solutions of the nonlinear
o equation systeni8)—(13) with the parametersqs., 79, 7,
Hencea=5 atN=N,, and the linear approximation is valid andQ varied over wide ranges. This has been done using the
for Qrp=<5. iteration technique. On each step of the iteration process, the
At arbitrary Q7. the number of phonons as a function equation systeni8)—(13) was considered as a system of lin-
of Q7 can be determined by solving E(®8) numerically.  ear algebraic equations, the functiohén) in the brackets
These numerical calculations are shown in Fig. 2. The grapbn the left-hand side of Eq$8)—(13) being constants calcu-
shows thafNy=1.5, in agreement with the analytical calcu- lated in the previous iteration. All the times were measured
lation. The dashed curve in Fig. 2 shows the functionin units of 7.
N(Qrg) calculated by numerically solving the system of Sincef,(1) determines, in fact, the threshold population
nonlinear equations using the iterative techni(gee Sec.¥  inversion, it seems that the shape of this function is more
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HH A
1 ./ 1 P e FIG. 3. The functionf,(1) versus
0.8 7 ] . the injection rateQr,. The solid
) / curve shows a numerical solution of

the nonlinear equation systef8)—
(13), the dashed curve a solution of
Egs. (8)—(13) in the quasilinear ap-
proximation, and the dash-dotted
curve a solution of Eq8)—(13) in
the linear approximation. The dash-
dotted line with three dots in a row is
a calculation from Eq(22) for the
case¢=10 and from Eq(27) for the
case £=0.2, 7o /70=10. (@
4,7 7 l79=5 (£=0.2); (b) 7/7y=0.1
o——r—— (¢=10).
0 0.2 04 0.6 0.8 Qro

0.2

0.1+

helpful in understanding the system behavior and conveysalculation with equal electron masgeslid curve, all other
more information. Figures 3-8 show typical curves ofconditions being equal.
f,(1) andN as functions ofr, /7o and Q.

Figure 3a demonstrates the coincidence among thg NUMERICAL SOLUTIONS OF THE NONLINEAR KINETIC
t?ur.v.es 0ffy(1) versusQro calculgted b,y Eq(22) for the EQUATION SYSTEM FOR THE CASE OF QUANTUM
limiting case (<1 (dash-dotted line with three dots in a \ygres
row), of the numerical solution of Eq¢8)—(13) in the quasi-
linear approximation(dashed curve and of the numerical As was noted in Introduction, it is interesting to consider
solution of the equation systet8)—(13) (solid curve. The a kinetic model of a one-dimensional cascade laser in view

graph indicates that the solution obtained in the quasilineaﬁ;’f the S'OW‘?f electron—e!ectron rela_txat|on_ and singularities
L . . . ._In the density of states in a one-dimensional system. The
approximation is, in fact, identical to the numerical solution

. . ) . ) system of kinetic equations can be reduced in this case to a
in the wide range o)y, and the solution obtained in the

) Sl ) system of coupled equations in the form
linear approximation has a satisfactory accuracy up to

Q7o~é&. 1 X f1(1) f2(1)
. . . f1(0)| E+N| —=+ —=]| + +X —

Figure 3b shows similar curves gt=10. In the limit w2z Jw N
&>1 the functionf,(1) versuQr, was calculated using Eq.
(27). It is clear that in the limitt>1 the analytical solution —(1+N) f1(1) n fa(1) (31)
(27) is in good agreement with the numerical solutions of the Wwo 2r ]
nonlinear equation system and with solutions obtained in the
linear and quasilinear approximations. Note that in all the f(1)] &+ 1+N +N| x+ 1 _ f1(0)
limiting cases the quasilinear analytical soluti@2), (27) is Jw—1 w+ 1 w—1
valid over a wide range Q7.

Figure 4a shows,(1) versusr/7g at Q7g=0.1. The + f(2) +xf,(2)
curve demonstrates the growth fp(1) with 7,/7y, in ac- Vw+1
cordance with the analytical resul82) and (27) (see also £(2)
Refs. 5 and & For example, in the cag@my<<1, Q7o 1 =1,(0) +(1+N) = +xf,(2)|, (32
(Fig. 30, we havef,(1)~0.027 atr,/7,=0.1 (¢=10) and Vw1 yw+1
f»(1)~0.25 at;/7g=10 (£=0.1). This is in agreement { 14N 1 ) £,(0)
with the main conclusion that the threshold injection rate  f,(1)| Qrg+ ——+N| x+ -
should decrease withr,. Note also that the increase in vw—1 w+1 w—1
f5(1) is not so large at relatively largg 7o [Egs.(22) and £,(2) L2
(27)]. + +xf,(2

Up to this point, we have assumed that the electron w1
masses in the subbands are equal. If we assume that they are N f1(2)
different (m,>m,), the solid curves with dots in Fig. 4, =f1(0) \/m+(l+ N) \/ﬁJrsz(Z)
numerically calculated by solving Egs(8)—(13) at
m,/m,= 1.5, indicate thaf,(1) becomes larger than for the +Q7p, (33
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f,(2) N

LLox [t +L+L+i)
N AT A I N e Y
f1(1) fo(1)  f4(3) f2(3)
- - X + +x

M \/ﬁ VW2 V2
D) fa()

w2k

f1(3) f2(3)
+X
w++2 V2

=N +(1+N)

, (34
X 1

1 X
25w \/_w+2+\72)
f1(1) f2(1)  f1(3) f2(3)
- X —=+ +X
Jw 2 Jw+2 %)
N f1(1)er fa(1) f1(3)
w+ 2

W 2E

f2(3)
V2

fo(2)| (1+N) +N

+(1+N)

+X

, (35

1 N 1
yw+n  Jw+n-2

fi(n)

1 X
——+—=+N
§+x/w+n—2+\/ﬁ+
N X +i>_ fi(n—1) B fo(n—1)
yn—2 \/ﬁ YW+n—2 X yn—2
fl(n+1)+ fo(n+1)
S Jn

fi(n=1) N fa(n—=1)
X
JW+n—2 yn—2

fi(n+1) N fo(n+1)

X
w+n Jn

+(1+N)

, (36)

1

w-+n

fa(m[ (1+N)

X . ! +N
Jn—-2 Jw+n-2

x) f.(n—1) fo(n—1)

— | = —X
Jw+n—2 Vn—2

NG
fl(n+1)+ fo(n+1)
fwin Jn
fi(n—1) N fa(n—1)
X
yw+n—2 yhn—2
fl(n+1)+ fo(n+1)
X
w+n Jn

whereé= 7o/ 7, Xx=ymy/my, W=/ wq, andu=u/wq. In
Egs.(36) and(37) we haven=3.

+(1+N)

, (37
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0 1 2 3 4 5 6 7/,

FIG. 4. The functionf,(1) versusr,/7,. The solid curve shows a numeri-
cal solution of the system of nonlinear equatidBs-(13), the dashed line
shows a solution in the quasi-linear approximation, the dash-doted line a
solution in the linear approximation. The solid line with circles is a numeri-
cal solution of Eqs(8)—(13) for a ratio between the effective masses in the
subbands m,/m;=15. (@ Q7y=0.1, 7e/70=10; (b) Q7y=0.1,

Tesed To=100; () QTo=1, Teg/ To=10.

This equation system should be supplemented with an
equation for the phonon numBesimilar to Eq.(13). In the
one-dimensional configuration, this equation may differ from
the corresponding equations in the two-dimensioftd,.
(13)] and three-dimensional cases. In fact, one can easily
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fl( 1) fz( l)
] 3
0.3
0.2 2
0.1 1
0 T M 1 v -
0 1.0 2.0 TI/TO

FIG. 5. Curves off (1) versusr /7, for quantum wiregsolid lineg and FIG. 7. The function f,(1) versus 7,/7, for quantum wires. (1)
quantum wells(dashed lines The calculations were performed &t) wlwy=0.2, (2) 0.02, and(3) 0.002;Q7,=0.05.
Q7o=1, (2) 0.5, and(3) 0.1.

with the parameters.s., 79, 7, Q, and u varied over a

prove using the energy and momentum cor_lservat!on that Wide ranges. In all these calculations the electron masses in
optical phonon emitted by an electron can impart its energyo subbands were equal

only to the same electrqr_L Theref_ore HA3) ShO_UId be, Figure 5 shows typical curves db(1) versusr, /7, at
generally speaking, modified considerably. But in the reak/ariousQTo (see caption to Fig.)5 For comparison similar

situation, when there are several ty_pes.of qptical phonon%urves for the two-dimensional system are also shown. The
these changes may be not so drasti€aking into account solid curves show functions calculated numerically for the

this factor ar:q W'th ‘f’} V"EWEIO :Sa'mgl':y t.f,:ﬁ Cﬁ‘|CU|at'onf’ We case of guantum wires, and dashed curves correspond to the
use an equation similar to E@L3), but with allowance for case of quantum wells. One can see that in the one-

the electron density of states in the one-dimensional case: dimensional system, as in the two-dimensional configuration,

7 1 f4(0) “ (n=1)f4(n) fo(1) increases withr /7, apq at.a higher rate. Thus we
N— == — E 2 (38 conclude that the threshold injection rate in quantum wires
Tesch  yw—1 n=2 yw+n—1 decreases with;, and even faster than in quantum wells.

Since the density of state in this case is a function of ~We have also thoroughly investigatég(1) as a func-
energy, the system of equatiof@1)—(38) is more compli- tion of Q7y. The curves are shown in Fig. 6. The gain in
cated than in the case of quantum wékss.(8)—(13)], and f,(1) is higher at small injection rates. It is interesting that
we could not find an analytical solution. Both systef@®—  for m/7o<<1 the gain inf,(1) for quantum wires is less than
(38) and(8)—(13) have been solved by an iteration techniquefor quantum wells.

AL N

0 0.2 0.4 0.6 0.8 QTO 0 0.2 0.4 0.6 038 Qro
FIG. 6. Curves off,(1) versusQr, for the case of quantum wirgsolid FIG. 8. The number of phonomé versusQ r,, for the case of quantum wires
lines) and quantum well¢dashed lines Calculations were preformed i) (solid lineg and quantum well¢dashed lines The curves were calculated
7/79=5,(2) 2,(3) 1, (4) 0.7, and(5) 0.1. at (1) r,/79=0.1, (2) 0.2,(3) 0.7,(4) 1, (5 2, and(6) 5.
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The effect of the density of states is illustrated by Fig. 7,time is difficult to estimate, but it is probably considerably
which showsf,(1) versusr; /7, for various energy spreads longer thanr.
wu of the injected electrons. If the electron energy distribution ~ The features of the electron kinetics in two-dimensional
is narrower, the parametdr(1) grows faster withr,/7,  quantum cascade lasers are also typical of quantum-wire la-
owing to the singularity in the density of states described irsers. The exact numerical solutions of the respective kinetic
Egs.(31)—(35) by the terms proportional to {f. equation system demonstrate that by increasing is pos-

The difference inf,(1) between two- and one dimen- sible to reduce the threshold current even more than in a
sional systems is probably caused by the difference in thguantum-well laser.
numbers of phonons in wires and wells for equal model pa-  Furthermoreyz; in a quantum-wire laser can be increased
rameters. This is illustrated by Fig. 8, which sholNsas a  to a higher valug10 1°s) owing to the lower intrasubband
function of Q 7y at differentr; (see caption to Fig.)8Figure  electron—electron relaxation rdteso the threshold current
8 demonstrates that in both quantum wells and quanturmay be two or three orders of magnitude lower.
wires N rapidly saturates with the growth of the injection The threshold current can be additionally reduced owing
rate at,<1 (N~1 even thoughQry<<1) because at large to singularities in the electron density of states and different
7; energy is accumulated not only by phonons, but also byeffective masses in the subbands. To sum up, it is possible

the electrons of the lower subband. that quantum-wire lasers using transitions between subbands
in the conductance band will have threshold currents compa-
6. CONCLUSION rable to those of conventional quantum-well lasers based on

Thus, numerical solutions of the system of nonIinearthe transitions between the conductance and valence bands.

equations for the electron distribution functiohgn) and We are indebted to Yu. V. Kopaev for helpful discus-
f2(n) and the number of phonon¥ have confirmed the sjons, The work was a part of the Physics of Solid-State
main conclusions of Refs. 5 and 6 about the possibility ofyanostructures Program sponsored by the Ministry of Sci-
reducing the threshold injection ratéreshold currentand  gnce and Technology of Russgigrant No. 1-092/4 and was
about the kinetics of a quantum cascade quantum-well lasepartially supported by the Russian Fund for Fundamental

We have determined;(n), f5(n), andN with the model  Researci{Grant No. 96-02-17363and INTAS (Grant No.
parameters and injection ra@ varied over wide intervals, 93-1704-ext
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